Abstract. We prove that there are infinitely many non-isomorphic quartic curves which are counter-examples to the Hasse principle explained by the Brauer-Manin obstruction. Further, these quartic curves have no points defined over number fields of odd degree. As a consequence, we show that there are infinitely many quartic hypersurfaces of arbitrary dimension violating the Hasse principle.
Introduction
Let k be a global field and A k be the adèle ring of k. Let V be a smooth geometrically irreducible variety defined over k and let Br(V) be the Brauer group of V, that is, the group of equivalence classes of Azumaya algebras on V. In 1970, Manin (see [12] ) introduced a set V(A k )
Br given by It is well-known that
We say that V satisfies the Hasse principle if the following is true:
If V(k) = ∅ and V(A k ) = ∅, we say that V is a counter-example to the Hasse principle. Further, if we also have V(A k ) Br = ∅, we say that V is a counter-example to the Hasse principle explained by the Brauer-Manin obstruction.
In 1921, Hasse proved that smooth quadric hypersurfaces of arbitrary dimension satisfy the Hasse principle. The first counter-examples of genus one curves to the Hasse principle were discovered by Lind ([11] ) in 1940 and independently by Reichardt ([17] ).
The purpose of this paper is to construct infinitely many absolutely irreducible non-isomorphic quartic curves which (i) violate the Hasse principle, (ii) have no points defined over arbitrary number fields of odd degree over Q and (iii) are counter-examples to the Hasse principle explained by the Brauer-Manin obstruction. As a consequence, we prove that there are infinitely many quartic hypersurfaces of arbitrary dimension violating the Hasse principle. More precisely, we shall prove the following. The infinite family of quartic curves described in Theorem 1.1 is arithmetic in nature. So, it is natural to ask whether there exists an algebraic family of quartic curves satisfying the conclusions of Theorem 1.1. This is known for genus one curves; more precisely, Poonen ([13] ) constructed an algebraic family of genus one curves 5x 3 + 9y 3 + 10z 3 + 12 t 2 + 82
violating the Hasse principle. 
Then, X has points everywhere locally.
Proof. The defining equation of X can be rewritten in the form
We shall show that f (x, y, z) represents 0 in every l-adic field Q l , including
For the real field R, we see that P = (x, y, z) = ( 4 √ p + q, 1, 0) clearly lies on X . Suppose that l ≥ 37 is a prime for which X is smooth and geometrically irreducible. Then it follows that the genus of X is 3, and hence Weil's inequality mandates an l-adic point on X . Now, consider the following systems of equations when l is in {3, 5, 7, 11, 13, 17, 19, 23, 29, 31}:
It is not difficult to show that systems (1), (2) and (3) have no solutions if and only if l, p and q take values given in Table 1 .
It is not hard to check that the values of (p, q, l) given in Table 1 Table 2 shows triples (x, y, z) of integers such that It follows from Table 2 and Hensel's lemma that X is locally solvable in Q 2 . Now suppose that l = q. The equation of X modulo q is of the form x 4 −py
2 (mod q) and q ≡ 3 (mod 4), p must be a quadratic, hence quartic, residue modulo q. Therefore, p = u 4 for some u ∈ F × q , and thus
So, we know by Hensel's lemma that there is a point on X , defined over Q q . Suppose that l = p. Then the equation of X modulo p is of the form
2 )] have p-adic units as their coefficients. Thus, there are non-trivial points on both quadratic forms, defined over Q p . It therefore follows from Hensel's lemma that there are points on X , defined over Q p .
Suppose that l is a prime for which X is singular at l. Then, using the Jacobian criterion, one sees that l|(p + q). With no loss of generality, we can assume l ≥ 37 and l = p, q. In the finite field F l , X is of the form
We know that an affine model of X is
Since l = q, it follows that over F l , X a is birationally isomorphic to the curve given by
The discriminant of X q is −2 18 q 9 , which is non-zero in F l . Thus, X q is of genus 1 over F l , and it follows immediately from this that the curve X is of genus 1 over F l as well. We know by Weil's inequality that there are points on X defined over F l if l is greater than 11, which is the case since l ≥ 37. Thus, it follows from Hensel's lemma that X contains points defined over Q l , where l|(p + q) and l = p, q.
Hence, it follows from Lemma 2.1 that X is everywhere locally solvable.
Lemma 2.3. Let p be a prime such that
. Let D be the smooth projective model of the affine curve given by
Let Q(D) be the function field of D and let A be the class of the quaternion algebra (p, qz + dx 2 + pm). Then A is an Azumaya algebra of D; that is, A belongs to the subgroup Br(D) of Br(Q(D)). Further, the quaternion algebras
represent the same class in Br(Q(D)).
Proof. The main ideas of the proof below were provided by Poonen to the author (personal communication). We shall prove that A has no residue along any integral divisor on D. Hence, it suffices to show that there is a Zariski open covering {U i } of D such that A extends to an element of Br(U i ) for each i.
Equation (4) can be rewritten in the form
Hence, we deduce that A + E = 0, and also, it follows from (5) that A + B = 0. Further, we have that A − F = (p, x 2 ) = 0 since x 2 is a square. Since A, B, E and F belong to Br(Q(D)) [2] , this implies that A = B = E = F. Now let U 1 be an open subvariety of D in which the rational function f := qz + dx 2 + pm has neither a zero nor a pole, and let U 2 be an open subvariety of D in which g := qz − dx 2 − pm has neither a zero nor a pole. Then, since A = B, A is an Azumaya algebra on U 1 and also on U 2 . Now, we prove that in the affine part of D, the locus where both f and g have a zero is empty. Indeed, assume (X, Z) is a zero of f and g. Then it follows that qZ = 0; hence, Z = 0. Thus, dX 2 + pm = 0, and so
equation (5), we know that
which implies that q = 0, a contradiction.
We know that Y ∞ = 0, and it follows from equation (4) that Proof. First we prove that D is locally solvable for each l-adic local field Q l and over the reals R. We know that the discriminant of D is −2 8 p 3 q 6 . Hence, D is singular only at the primes 2, p and q, so the Weil inequality mandates an l-adic point on D for l ≥ 5 and l = p, q. Hence, it suffices to verify that D is locally solvable in Q l with l = 2, 3, p, q. The cases when l = 2, p, q were already considered in Lemma 2.2.
Therefore, we need only exhibit a smooth 3-adic point on D. (1, 0) (0, 1) (0, 1) (1, 1)
We consider the following systems of equations for l = 3: We shall prove that for any P l ∈ D(Q l ),
Since D is smooth, we know that
, where D 0 is the affine curve given by x 4 − p = qz 2 . Since inv(A(P l )) is a continuous function on D(Q l ) with the l-adic topology, it suffices to prove (9) 
Suppose that l is an odd prime such that l = p, q and p is a square in Q × l . Then, repeating in the same manner as above, we deduce that inv l (A(P l )) = 0.
Suppose that l is an odd prime such that l = p, q and p is not a square in Q l . Assume (qz + dx 2 + pm), (qz − dx 2 + pm) and (qz − dx 2 − pm) are zero modulo l at P l . Then we get 2qz ≡ 0 (mod l), and hence z ≡ 0 (mod l); thus, x 4 ≡ p (mod l). Since p is not a square in Q l , x is 0 modulo l. Therefore, l divides p, a contradiction. Hence, at least one of the (qz + dx 2 + pm), (qz − dx 2 + pm) and (qz − dx 2 − pm) is an l-unit in Z × l , say U . Thus, the Hilbert symbol (p, U ) l = 1. Since A = B = E, we imply that inv l A(P l ) = 0.
Finally, suppose that l = p. It follows from equation (4) and (4), we see that −p ≡ 0 (mod p 2 ), a contradiction. Hence, x ≡ 0 (mod p) and z ≡ 0 (mod p) at P p . Thus, we see that 
Hence, we deduce that the Hilbert symbol (p, (qz + dx We see that the Jacobian of X is isogenous to the product of the following three curves
and
with obvious maps
Let D be the smooth projective model in Lemma 2.5. Then we know that there is a Q-morphism α given by
Hence, we have a sequence of Q-morphisms
We know from Lemma 2.5 that D(A Q ) Br = ∅. Hence, using Lemma 3.2, we deduce that D 3 (A Q ) Br = ∅ and whence X (A Q ) Br = ∅, proving that X is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction.
For the last contention, we shall use the argument, due to Cassels (see [4] ), to show that there are no points on X , defined over any number field of odd degree. By Theorem 3.1, it suffices to show that X has no point defined over any number field of degree 3 over the rationals.
Assume the contrary; that is, there exists an effective Q-rational divisor T on X of degree 3. We know that there are a, b, c ∈ Q, depending on T , such that the conic
passes through the points of T . It meets D 3 in the three points μ 3 (T ) and a fourth point, which must be rational. Thus, there exists a rational point on D 3 , a contradiction. Hence, there are no points on X , defined over any number field of degree 3, whence over any number field of odd degree. 1 , a 2 , . . . , a n ) defined over some number field, say K, of odd degree over the rationals. We consider the quadratic polynomial
n . Hence, the quartic curve defined by a 2 , a 3 , A) , a contradiction to Theorem 1.1.
Assume F is irreducible and let α be a root of F in the algebraic closure of K. Then the number field K(α) is of odd degree over the rationals, and the quartic curve defined by a 2 , a 3 , α) , a contradiction to Theorem 1.1. Thus, H p,q contains no points defined over each number field of odd degree.
Infinitude of quadruples (p, q, d, m)
In this section, we show that there are infinitely many distinct pairs (p, q) of primes satisfying assumptions (A1), (A2) and (A3).
Let P (x, y) be a quadratic polynomial in two variables, x and y. We say that (
Now we prove the main lemma in this section. Let P (x, y) be the quadratic polynomial in two variables, x and y, given by
It is obvious that P (x, y) is irreducible in Q[x, y]. One easily checks that P depends essentially on two variables. Now, expanding P (x, y) in the form of ax 2 + bxy + cy 2 + ex + fy + g, we get by comparing the coefficients of P (x, y) that
Since gcd(a, g) = 1, we see that gcd(a, b, c, e, f, g) = 1. Now −p(Ly + m 0 ) 2 is odd for every integer y. Therefore, when d 0 is odd, we can let x be odd arbitrarily, whence P (x, y) = (5px+d 0 )
2 −p(Ly+m 0 ) 2 represents arbitrarily large odd numbers. When d 0 is even, we let x range over the set of even integers. Then P (x, y) = (5px + d 0 )
2 − p(Ly + m 0 ) 2 represents arbitrarily large odd numbers. In any event, P (x, y) represents arbitrarily large odd numbers. Furthermore, by computation, we see that
Thus, P (x, y) satisfies all of the conditions in Theorem 4.1. Therefore, there are infinitely many primes q such that P (x, y) = q for some integers x, y. When this is the case, the pairs (p, q) satisfy assumptions (A1), (A2) Let C q i be the quartic curves given by
and assume C q 1 is isomorphic to C q 2 . Denote by φ be the isomorphism between them. It is clear that we can consider C q 1 , C q 2 as algebraic curves defined over the complex field and φ as an isomorphism between them, defined over the complex field. Further, C q 1 , C q 2 are isomorphic to Q 1 , Q 2 , respectively, over the complex field, where Q 1 , Q 2 are given by Squaring the latter identity, we get q 1 = q 2 , a contradiction. Assume now that Q 2 is in the strict isomorphism class of the curve Q 4 . Then, repeating in the same manner as above, we know that there is a triple (A, B, C Repeating in the same manner, we can show that Q 2 is not in the strict isomorphism class of the curve Q 3 .
Hence, we conclude that C q 1 is not isomorphic to C q 2 . Thus, the conclusions in Theorem 1.3 follow immediately from Theorem 1.1 and Lemma 4.2.
